I . I n t r o d u c t i o n Since t h e f i r s t development of t h e s u b j e c t by Goldberger and o t h e r s , ' forward d i s p e r s i o n r e l a t i o n s have been e x t e n s i v e l y used
3 4 i n t h e phenomenological a n a l y s i s of I J -N ,~ K-N and N-N s c a t t e r i n g
. d a t a . The technique has had a somewhat l i m i t e d success, however,
due t o t h e presence of t h r e e a d v e r s e f a c t o r s : a ) Ignorance of t o t a l c r o s s s e c t i o n s i n t h e h i g h energy r e g i o n , b ) Ignorance of t h e magnitude's of t h e r e s i d u e s a t c e r t a i n . p o l e s , and c ) The p r e -. s e n c e of unphysical r e g i o n s i n t h e d i s p e r s i o n i n t e g r a l s . The d i s p e r s i o n r e l a t i o n s have h i t h e r t o been used a s i d e n t i t i e s f o r t h e r e a l p a r t s of t h e forward s c a t t e r i n g amplitudes i n terms of
.
c e r t a i n i n t e g r a l s over t o t a l c r o s s s e c t i o n s . W e wish t o demons t r a t e i n t h i s paper t h a t i f t h e s e a r e converted i n t o s u i t a b l e i n e q u a l i t i e s , t h e f a c t o r s a ) and b ) need no l o n g e r be problems w h i l e t h e d i f f i c u l t i e s a s s o c i a t e d w i t h t h e f a c t o r C) can be
rendered much l e s s s e v e r e . It i s , however, t r u e t h a t i n t h i s process, we l o s e some of t h e information which a r e i n p r i n c i p l e contained i n t h e c a n o n i c a l i d e n t i t i e s .
S e c t i o n 11 begins w i t h a d e r i v a t i o n of t h e s e i n e q u a l i t i e s + f o r IJ--p s c a t t e r i n g under very weak assumptions r e g a r d i n g t h e
u .
asymptotic b e h a v i . 9 of t h e amplitude. These r e s u l t s a r e t h e n extended by observing t h a t t h e a--p t o t a l c r o s s s e c t i o n seems t o + be always somewhat l a r g e r t h a n t h e a -p t o t a l cross s e c t i o n beyond a c e r t a i n energy. S t i l l f u r t h e r i n e q u a l i t i e s c a n -b e proved i f we a r e w i l l i n g t o assume t h a t t h e r e a l p a r t of t h e amplitude does n o t i n c r e a s e l i k e energy i t s e l f a t l a r g e e n e r g i e s . Evidence f o r t h i s assumption i s somewhat ambiguous, but i t seems i n t u i t i v e l y r a t h e r p l a u s i b l e .
+ S e c t i o n I11 i s concerned w i t h t h e K--p system which i s a t y p i c a l example where both unknown coupling c o n s t a n t s and unphysic a l r e g i o n s occur. W e show how i n e q u a l i t i e s can be w r i t t e n down which do n o t i n v o l v e coupling c o n s t a n t s provided t h e i r s i g n s a r e known. These s i g n s depend e s s e n t i a l l y only on t h e r e l a t i v e p a r it i e s of t h e p a r t i c l e s involved and a r e r a t h e r w e l l e s t a b l i s h e d f o r t h i s system.' The s e c t i o n concludes w i t h some remarks on t h e unphysical r e g i o n .
The appendix d e s c r i b e s how one can d e r i v e a whole c l a s s of s i m p l e r i n e q u a l i t i e s from t h e previous r e s u l t s and follows t h e \ d i s c u s s i o n of a . s i m i l a r problem by t h e a u t h o r i n a d i f f e r e n t c o n t e x t .
b
The e x t e n s i o n of t h e f o r e g o i n g c o n s i d e r a t i o n s t o o t h e r s c a t t e r i n g p r o c e s s e s i s f a i r l y t r i v i a l and i s n o t t h e r e f o r e cons i d e r e d i n t h i s paper.
For t h e b e n e f i t of t h e r e a d e r i n t e r e s t e d p r i m a r i l y i n t h e r e s u l t s , we mention t h a t t h e s e a r e contained i n Eqs. ( I I .~) ,
( 1 1 . 1 6 ) , (11.23), ( 1 1 1 . 4 )~ ( I I I .~) , ( 1 1 1 . 7 )~ (111.8)~ ( I I I .~) , (111.10) and t h e appendix. The p r i n c i p a l conventions about n o t at i o n a r e explained a t t h e beginning of S e c t i o n s I1 and 111, i n t h e t h~e e paragraphs which follow Eq. (11.8) and i n t h e ones which i n c l u d e Eqs. (11.11) and ( 1 1 1 . 7 ) .
11.
The T-p Forward S c a t t e r i n g Amplitude:?
Let c d and .
(1 denote t h e l a b o r a t o r y energy and momentum of t h e pion and l e t mT and mN denote t h e pion and n u c l e o n m a s s e s . The twice s u b t r a c t e d forward d i s p e r s i o n r e l a t i o n i s t h e n -where f -(0) a r e t h e T + -~ forward s c a t t e r i n g amplitudes, f 2 = 0.08
-w and aN -Jr/*wN For (11.1) t o be t r u e , i t i s s u f f i c i e n t t h a t f -(w) be O(&@a) f o r 641 and f o r some a a s (3 + i n any The symbols 0 and & w i l l o f t e n be used i n t h i s paper i n c e r t a i n well-known s e n s e s . Thus, f -(U) = ~( c r ) ) a s (A) ++ a means t h a t if-(*)( < C la\ f o r some f i x e d e a s U ) + a w h i l e f -( r~) =
Q b W-40,
& ( o )~m e a n s t h a t '1 f -( a ) ) ( h (~1 f o r any d > 0 a s w + a .
The l a t t e r i n p a r t i c u l a r can a l s o be w r i t t e n a s f j 0
W e w i l l d e r i v e i n e q u a l i t i e s f o r t h e values of f -(d) o n l y a t e n e r g i e s w i t h an immediate experimental s i g n i f i c a n c e . It i s easy enough, however, t o extend t h e s e r e s u l t s i n t o T n e q u a l i t i e s i n v o l vi n g i t s value a t any r e a l o r complex Point by techniques s i m i l a r t o t h o s e d e s c r i b e d i n Referenc'e 6.
Let Wi ( i = 1, 2, ... , p ) be any p d i s t i n c t p o i n t s a t which Re f ' -(d) i s known through, f o r i n s t a n c e , a phase s h i f t a n a l y s i s and l e t U i ( i = p + 1, p + 2, ... , n ) be t h e n e g a t i v e s of any n-p p o i n t s a t w h i c h Re f+(u) i s known. F u r t h e r , l e t E . ( i = 1, 2, . . . , n-3) be some r e a l v a r i a b l e s . Define where t h e product i n t h e numerator i s t o be s e t equal t o one if n = 3 W e assume t h a t f -((3) = o ( W 2+6~nau)) f o r s ( 1 and f o r some a a s t~) -+ 00 i n any d i r e c t i o n . For r e a l d i r e c t i o n s , t h i s i s almost c e r t a i n l y t r u e , being much,weaker t h a n t h e F r o i s s a r t bound.
The d i s p e r s i o n r e l a t i o n f o r g -(a) w i t h t h e s e assumptions r e a d s
where t h e p r i n c i p l e value i s t o be taken a t each of t h e W i and a t @ . The r e l a t i v e minus s i g n of t h e two terms i n t h e i n t e g r a l
has come about from t h e i d e n t i t y n -3
8y~-3 
2
The F r o i s s a r t bound7 a l s o i m p l i e s t h a t Re f (o)) =a&) ) a s -W + @ along t h e r e a l a x i s . Therefore, g-(u) = &(l/$tb ) o r t h e c o e f f i c i e n t of 1 /~ on t h e r i g h t s i d e of (11.5) must vanish as . That is, l a r g e w", each term of t h e i n t e g r a n d i s p o s i t i v e d e f i n i t e s i n c e I m f -( a 1 ) i s ' s o b e c a u s e . o f ( 1 1 . 2 ) . T h e r e f o r e , c a n c e l l a t i o n be-+ tween t h e s e two terms cannot be r e s p o n s i b l e f o r t h e convergence of t h e i n t e g r a l s . B u t . s i n c e t h e i n t e g r a l s must n e c e s s a r i l y e x i s t i f what we have assumed about Re f -(@) i s c o r r e c t , I m f -(w)
+ must i n f a c t be&(a2/Rn W ) and n o t merely O(W n cr)) a s + along t h e r e a l a x i s . W e w i l l o f t e n encounter t h i s t y p e of r e s u l t i n o u r subsequent a n a l y s i s . 8
Let us now d e f i n e two r e a l e n e r g i e s Q,) and such t h a t wr> max W h (i = 1, 2, ... , p) and Wk > m a x I~~(
. W e can t h e n r e w r i t e ( 1 1 . 7 ) a s
i "
(11.8)
It i s convenient t o i n t r o d u c e a few d e f i n i t i o n s a t t h i s p o i n t :
a ) For any r e a l a and b w i t h a _L b, t E i ] E ~( a , b ) if some p a i r s of E a r e equal and assume any r e a l value and t h e r e s t i a a r e c o n s t r a i n e d by t h e inequality a ,C E~, n-P d ) FOP a r e a l w , [~i~ C R ( P ) i f a l l t h e Wi a r e ) w. e ) E u i )
a r e , ( -IJ-.
The d e f i n i t i o n s a ) d ) e ) and f ) w i l l a l s o be used f o r t h e i n d i v i d u a l ai.
b U ,
ThusA i f only t h e f i r s t p of t h e LL)ils a r e
IJ-, .
we w i l l w r i t e W i E ~( p ) ( A = 1, 2, . . . , p ) .
The c o n t e n t s of t h i s n o t a t i o n w i l l perhaps be c l a r i f i e d i f i t i s observed t h a t i f a l l t h e Wi a r e 'JT--p p o i n t s , {ui\e R(mT)
A w h i l e i f only t h e f i r s t p of them a r e 'JT--p p o i n t s and t h e r e s t 
4'
That is, i f t h e f i r s t p of t h e W i t s E ~( r n~) , t h e r e s t of t h e W i t s G s ( -m T ) , E E p ( q ) > 9 € En-p(J This i s t h e f i r s t of t h e promised i n e q u a l i t i e s and has t h e i n t e r -+ e s t i n g f e a t u r e t h a t i t allows t h e use ot' TI---p and T -p d a t a simultaneously. I n c i d e n t a l l y , i t i s n o t p e r m i t t e d t o s e t both 0) and equal t o i n f i n i t y i n ( I I .~) , f o r then., we g e t back r
4
( 1 1 . 7 ) . The i n e q u a l i t y of c o u r s e g e t s s t r o n g e r w i t h i n c r e a s i . n g 'l'he reason.why we arranged f o r a minus s i g n between t h e two terms of t h e i n t e g r a l i n (11.5) should now be c l e a r . . I f i t had been a p l u s , we could not have got any i n e q u a l i t y involving. only f i n i t e i n t e g r a l s without e x t r a assumptions r e g a r d i n g t h e r e l at i v e magnitudes of t h e two t o t a l c r o s s s e c t i o n s . This l a s t observ a t i o n w i l l be developed f u r t h e r p r e s e n t l y . It i s i n s t r u c t i v e t o r e w r i t e (11.9) i n terms of f + (~) :
The W (1 = 1, 2, . . . p ) now correspond t o r+-p p o i n t s and t h e r e s t of t h e O i correspond t o n e g a t i v e s of t h e rr--p p o i n t s .
To proceed f u r t h e r , l e t us assume, a s i s i n d i c a t e d by e x p e r i - where -(u) >, 0 f o r W >,Wo. I n t h e f i r s t i n s t a n c e , l e t <wi) 6 ~( m~) , t h a t i s , l e t a l l of them be rr--p p o i n t s . W e can r e w r i t e ( 1 1 . 7 ) i n t h e form
*M
TTCWl-E,)
where U), E Fn(WL, Wo) and W4 E ~~( 0~) . The f i r s t i n t e g r a l on t h e r i g h t s i d e of (11.12) i s p o s i t i v e i f f E~) E D ( -0 0 , u p ) *
i f any one of t h e following c o n d i t i o n s a r e s a t i s f i e d : a ) A l l t h e W i E R ( m T ) , W r
Fn(ulJ N o ) , u4 E ~~( 0~) and E i 4 0 .
b ) The f i r s t p of t h e w i E R(m,), t h e r e s t of t h e w i E s(-mT),

I
t h e c h o i c e of t h e Wi i s such t h a t (11.13) holds f o r ~4 
i n t s . T h i s l a s t c o n d i t i o n follows d i r e c t l y from (11.12) w h i l e b ) i s e v i d e n t from t h e d e r i v a t i o n l e a d i n g t o (11.16).
It may be u s e f u l t o observe t h a t we do n o t r e a l l y r e q u i r e
-(u)) t o be p o s i t i v e d e f i n i t e f o r a l l W 3 LOo. It i s s u f f i c i e n t f o r t h e a p p r o p r i a t e values of Ei, o r i n c a s e i t i s n e g a t i v e , i f
t h e second i n t e g r a l i n (11.12) dominates t h e f i r s t f o r t h e s e Ei.
Eq. (11.17) looks r a t h e r p l a u s i b l e s i n c e a t t h e observed e n e r g i e s > WOJ B-(w) i s p o s i t i v e w h i l e t h e c o n t r i b u t i o n from a . p o s s i b l e change of s i g n o f 9 -(w) a t h i g h e r e n e r g i e s t e n d s t o g e t suppressed by th.e e x t r a f a c t o r i n t h e i n t e g r a n d . I f d e s i r e d , t h e h i g h energy c o n t r i b u t i o n can be suppressed f u r t h e r by reducing t h e number of Ei t o n-3-2p f o r some i n t e g e r p . This w i l l change t h e f a c t o r 1/wt3 t o 3+2p w h i l e l e a v i n g t h e i n e q u a l i t i e s u n a l t e r -
Observations seem to-reveal'that total cross sections approach constants at high energies which implies that If we choose n-2, instead of n-3, Ei s with n 3 2, (11.7) is seen to be replaced by where the products in the numerators are as usual to be set equal to one if n = 2. Write this equation in the form
With t h e s t a t e d assumptions, t h e two i n f i n i t e i n t e g r a l s i n (11.19) w i l l e x i s t .8 Let ILL).) 1 E ~( m~) and W and I f o r Ei 6 0 f o r e v e r y i, t h e l a s t i n t e g r a l i s p o s i t i v e i n t h i s range of Ei because of (11.13). I f we assume f u r t h e r t h a t ~. ( i = 1, 2, . . . , n-3), t h e l e f t . s i d e of (11.21) i s l i n e a r i n t h e c h o i c e of t h e Wi i s such t h a t (11.13) holds f o r U)i&u) .
4'
I f q-(O) i s not p o s i t i v e d e f i n i t e f o r up w we r e q u i r e / * along t h e r e a l a x i s , we can prove a sum r u l e , s i m i l a r t o (11.7):
0) i n s t e a d t h a t I f i t a l s o t u r n s out t o b e n e g a t i v e , i t i s s u f f i c i e n t i f t h e r i g h t s i d e of (11.19) i s p o s i t i v e when a l l t h e
The ranges' of t h e i n d i c e s have been i n d i c a t e d i n (111.3) as a reminder. The f i r s t p of t h e Oi a r e t a k e n t o be K--p p o i n t s ( n o t n e c e s s a r i l y ,111 t h e p h y s i c a l r e g i o n ) and t h e remaining LOi a r e + n e g a t i v e s uP K -p p o i n t s . W e know t h a t I m f -(w) w i l l vanish l i k e + a a s U) -+ rnK i f we exclude t h e improbable s i t u a t i o n where t h e t o t a l c r o s s s e c t i o n becomes i n f i n i t e a t zero k i n e t i c ' e n e r g y . This follows t r i v i a l l y fyom t h e op.Lical, theorem. However, s i n c e t h e r e i s no such r e s t r i c t i o n a t t h e p o i n t k ) = p, I m f (u) may n o t even -vanish ( l e t along vanish s u f f i c i e n t l y f a s t ) a s QJ . --) p.. The p r i n c i p a l value i n t e g r a l may t h e r e f o r e d i v e r g e i f u i = p s o t h a t we should r e q u i r e Oi E R ( p ) f o r i = 1, 2, .. . , p. Choosing an E Fp(ul, mK) and an O E E ) , we l e a r n from 
~)~ t h i s p o i n t w i l l be d i s c u s s e d l a t e r on. When
Q1
t h e argument of f -(w) becomes n e g a t i v e , t h e analogue of t h e symmet r y (11.3) can be used t o c a l c u l a t e i t s value.
Since t h e magnitudes of f 2 and f 2 a r e but poorly laown,
A
L
we s h a l l -now proceed t o e l i m i n a t e them from ( 1 1 1 . 4 ) . Rewriting i t i n t h e form 7 @e observe t h a t we have e s s e n t i a l l y t o s e a r c h f o r ranges of Ei 
Combining t h e s e w i t h t h e r e s t r i c t i o n
we f i n a l l y a r r i v e a t t h e i n e q u a l i t y c "(p) , U E Fn (ul, y) and O E En (Y) . If only t h e 4 f i r s t ) of t h e Wi E "(w), we r e q u i r e i n s t e a d t h a t W, E F~( G~, m~) , E~ ( ) w~\ ) and (11.13) be t r u e f o r W '~U a . As we have already observed in the previous section, the demand that $) -(a) be non-negative for 0 3 % can be relaxed a great deal in the inequalities starting from (111.7).
Here only t h e f i r s t p of t h e Wi need belong t o E(p,). Notice t h a t ~( ( 3~
All the equations of this section involve contributions from the unphysical region )L % of the K--p scattering. It is unfortunately true that unitarity in the unphysical region does not impose any positive definiteness condition on Im f -( w ) and this is precisely what prevents us from getting rid of these terms. It is, however, sufficient for our purposes if we can get an idea of the signs of these integrals for an appropriate range of the Eils and t h i s can o f t e n be done, e s p e c i a l l y i n K--p s c a t t e r i n g , by simple c a l c u l a t i o n s involving, f o r i n s t a n c e , t h e known resonance c o n t r i b u t i o n s . Once t h i s i s done, i t i s u s u a l l y p o s s i b l e t o remove t h e s e terms by an a p p r o p r i a t e c h o i c e of t h e parameters of 2 t h e i n e q u a l i t i e s J u s t a s we removed t h e terms i n v o l v i n g f 2 and f .
A Z W e emphasize t h a t even some e r r o r i n t h e e s t i m a t e s of t h e s e s i g n s can be t o l e r a t e d . This i s because our i n e q u a l i t i e s have h i t h e r t o been consequences of e q u a l i t i e s of t h e form (11.8) where t h e r i g h t s i d e i s p o s i t i v e and non-zero. Therefore, when we b r i n g o v e r a d d i t i o n a l terms of ambiguous s i g n s from l e f t t o r i g h t , we only r e q u i r e t h a t t h e s e a m b i g u i t i e s do n o t overwhelm t h e q u a n t i t y which was i n i t i a l l y on t h e r i g h t . It i s important t o n o t e t h a t we I commit o u r s e l v e s much l e s s i n i n e q u a l i t i e s than i n e q u a l i t i e s and this gi-eatly. l>eiluces the chances of m i s t a k e s . W e a l s o need know r much l e s s t o use them. W e pay f o r t h e s e advantages by l o s i n g some of t h e information contained i n t h e e q u a l i t i e s . W e remark i n conclusion t h a t i t i s p o s s i b l e t o s t u d y t h e q u e s t i o n s t r e a t e d i n t h i s paper and i n r e f e r e n c e 6 i n terms of c e r t a i n reduced moment problems.1° T h i s o b s e r v a t i o n w i l l be developed f u r t h e r i n a &*publication.
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